Published by Institute of Physics Publishing for SISSA/ISAS Received: November 4, 2004 Accepted: November 24, 2004

M5-brane effective action as an on-shell action in supergravity

Matsuo Sato

Department of Physics and Astronomy, University of Rochester Rochester, NY 14627-0171, U.S.A. E-mail: sato@pas.rochester.edu

Asato Tsuchiya

Department of Physics, Graduate School of Science, Osaka University Toyonaka, Osaka 560-0043, Japan E-mail: tsuchiya@phys.sci.osaka-u.ac.jp

Abstract: We show that the covariant effective action for M5-brane is a solution to the Hamilton-Jacobi (H-J) equations of 11-dimensional supergravity. The solution to the H-J equations reproduces the supergravity solution that represents the M2-M5 bound states.

Keywords: M-Theory, D-branes, AdS-CFT and dS-CFT Correspondence.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep112004067 /jhep112004067 .pdf

Contents

1. Introduction 1

2. Reduction of 11-dimensional supergravity on S^4 2

3. Canonical formalism and the H-J equations 4

4. Covariant M5-brane action 6

5. Covariant M5-brane action as a solution to the H-J equations 7

6. Supergravity solution of the M2-M5 bound state 9

7. NS 5-brane in type-IIA supergravity 11

8. Discussion 12

A. Useful equations 14

1. Introduction

D-branes and M-branes have been playing a crucial role in analyzing nonperturbative aspects of string theory (M-theory). D-branes can be regarded in string perturbation theory as a boundary state with the Dirichlet boundary condition imposed while they also emerge as classical solutions of supergravity.

In a series of publications [1, 2, 3], we showed that the D-brane effective action is a solution to the Hamilton-Jacobi (H-J) equations of type-IIA (IIB) supergravity and that the M2-brane and M5-brane effective actions are solutions to the H-J equations of 11-dimensional supergravity. We also showed that these solutions to the H-J equations reproduce the supergravity solutions which represent a stack of D-branes in a B_2 field, a stack of M2-branes and a stack of the M2-M5 bound states, respectively. This fact means that those effective actions of branes are on-shell actions around the corresponding brane solutions in supergravity. The near-horizon limit of these supergravity solutions are conjectured to be dual to various gauge theories [4, 5]. For instance, the near-horizon limit of the supergravity solution that represents D3-branes in a B_2 field is conjectured to be dual to noncommutative super Yang Mills in four dimensions [6, 7]. In gauge/gravity correspondence, the on-shell action around the background dual to a gauge theory is in general a generating functional of correlation functions in the gauge theory and the zero-mode part of the on-shell action should reproduce the holographic renormalization flow [8]. Hence,

– 1 – our findings should be useful for the study of the gauge/gravity (string) correspondence. (For other applications of our results, see the introduction in [2].)

In this paper, we revisit the M5-brane case. The near-horizon limit of the supergravity solution representing the M2-M5 bound states is conjectured to be dual to (a noncommutative version of) 6-dimensional N = (2, 0) superconformal gauge field theory [4, 7]. There are two versions [11, 12] of the M5-brane effective action, which are equivalent in the sense that both give the same equations of motion for M5-brane [9]. One version of the action was suggested in [10] and explicitly constructed in [11]. In this version, in order to obtain a complete set of the equations of motion for M5-brane, one needs to add the self-duality condition to the equations obtained by varying the action. In fact, we showed in [2] that this action is a solution to the H-J equations up to the self-duality condition. This implies that this M5-brane effective action is not an on-shell in the ordinary sense. So, it seems unclear what role this effective action as a solutions to the H-J equations plays in the gauge/gravity correspondence. On the other hand, the other version of the action which was constructed in [12] and is called the ’covariant action’ directly gives a complete set of the equations of motion for M5-brane. Although it contains an auxiliary scalar field that causes a problem in defining the partition function [10], it is well-defined at least at classical level. Thus, for the sake of the study of the gauge/gravity correspondence, it is worth investigating whether this covariant action satisfies the H-J equations of 11-dimensional supergravity and reproduces the supergravity solution representing the M2-M5 bound states so that the action is an on-shell action around the M2-M5 bound state solution in the ordinary sense. In this paper, we show that this is indeed the case.

The present paper is organized as follows. In section 2, we perform a reduction of 11- dimensional supergravity on S^4 and obtain a 7-dimensional gravity. In section 3, we develop the canonical formalism for the 7-dimensional gravity to derive the H-J equations. In section 4, we write down the covariant action for M5-brane explicitly. In section 5, we show that the covariant effective action is a solution to the H-J equations obtained in section 3. In section 6, we show that the solution to the H-J equations in the previous section reproduces the supergravity solution representing a stack of the M2-M5 bound states. In section 7, by using the relation of 11-dimensional supergravity with type-IIA supergravity, we obtain an effective action for NS 5-branes that is a solution to the H-J equations of type-IIA supergravity and reproduces the supergravity solution representing a stack of NS 5-branes, which is relevant for the duality between gravity and little string theory [15]. Section 8 is devoted to discussion. We give an argument which is expected to intuitively explain why the D-brane effective action satisfies the H-J equations of supergravity. In appendix, we present some equations which are useful for the calculations in sections 5 and 6.

2. Reduction of 11-dimensional supergravity on S^4

In this section, we perform a reduction of 11-dimensional supergravity on S^4 and obtain a 7-dimensional gravity. We will regard a radial-time-fixed surface in the 7-dimensional gravity as a worldvolume of M5-brane.

– 2 –

The bosonic part of 11-dimensional supergravity is given by

I_{11} = 1 2κ^2_{11} ∫ d^{11}X √ −G ( R_G − 1 2 |F_4|^2 ) − 1 12κ^2_{11} ∫ A_3 ∧ F_4 ∧ F_4 , (2.1)

where

F_4 = dA_3 (2.2) and |F_4|^2 = 1 4! F_{M1M2M3M4} F^{M1M2M3M4} . (2.3)

We drop the fermionic degrees of freedom consistently. The equations of motion derived from (2.1) are R^G_{MN} − 1 12 F_{ML1L2L3} F^{L1L2L3} N + G_{MN} ( − 1 2 R_G + 1 4 |F_4|^2 ) = 0 , D_LF^{LM1M2M3} − 1 2(4!)^2 ε^{M1M2M3L1···L8} F_{L1L2L3L4} F_{L5L6L7L8} = 0 , (2.4) where D_M stands for the covariant derivative in eleven dimensions, while the Bianchi identity which follows from (2.2) is dF_4 = 0 . (2.5)

We split the 11-dimensional coordinates X^M (M = 0, 1, . . . , 10) into two parts as X^M = (ξ^α, θ_i) (α = 0, . . . , 6, i = 1, . . . , 4), where the ξ^α are 7-dimensional coordinates and the θ_i parametrize S^4. We make an ansatz for the fields as follows:

ds_{11} = h_{αβ}(ξ)dξ^αdξ^β + e^{ρ(ξ)2} dΩ_4 , (2.6)

F_4 = 1 4! F_{α1 ···α4} (ξ)dξ^{α1} ∧ · · · ∧ dξ^{α4} + 1 4! 7! e^{ρ(ξ)}ε^{α1···α7}F̃_{α1···α7} (ξ)ε_{θi1 ···θi4} dθ_{i1} ∧ · · · ∧ dθ_{i4} . where h_{αβ} is a 7-dimensional metric. Note that this ansatz preserves the 7-dimensional general covariance.

By substituting (2.6) into the equations of motion (2.4) and the Bianchi identity (2.5), we obtain the following equations in seven dimensions. R_{αβ} − ∇_α∇_βρ − 1 4 ∂_αρ∂_βρ − 1 12 F_{αγ1 γ2γ3} F^{γ1γ2γ3} β − − 1 2 h_{αβ} ( R + e^{− ρ2} R^{(S4)} − 2∇_γ ∇^γ ρ − 5 4 ∂_γ ρ∂^γ ρ − 1 2 |F_4|^2 + 1 2 |F̃_7|^2 ) = 0 , R + 1 2 e^{− 12 ρ}R^{(S4)} − 3 2 ∇_γ ∇^γ ρ − 3 4 ∂_γ ρ∂^γ ρ − 1 2 |F_4|^2 − 1 2 |F̃_7|^2 = 0 ,

∇_γ (e^ρF^{γα1α2α3} ) + 1 4! e^ρF_{γ1γ2γ3γ4}F̃^{α1α2α3γ1γ2γ3γ4} = 0 , ε^{αβγ1γ2γ3γ4γ5} ∂_{γ1} F_{γ2γ3γ4γ5} = 0 , ∇_γ (e^ρF̃^{γα1 ···α6} ) = 0 , (2.7)

– 3 – where ∇_α stands for the covariant derivative in seven dimensions, and R^{(S4)} = 12. By using a relation in seven dimensions, F̃_{αγ1···γ6}F̃^{γ1···γ6} β = 1 7 h_{αβ}F̃_{γ1 ···γ7}F̃^{γ1···γ7} , we can check that these equations are derived from the 7-dimensional gravity given by

I_7 = ∫ d^7ξ √ −h e^ρ ( R_h + e^{− ρ2} R^{(S4)} + 3 4 ∂_αρ ∂^αρ − 1 2 |F_4|^2 − 1 2 |F̃_7|^2 ) , (2.8)

where

F_4 = dA_3 , F̃_7 = dA_6 − 1 2 A_3 ∧ F_4 . (2.9)

This reduction is a consistent truncation in the sense that every solution of I_7 can be lifted to a solution of 11-dimensional supergravity.

3. Canonical formalism and the H-J equations

In this section, we develop the canonical formalism for I_7 obtained in the previous section and derive the H-J equations. First, we rename the 7-dimensional coordinates:

ξ^μ = x^μ (μ = 0, · · · , 5) , ξ^6 = r .

Adopting r as time, we make the ADM decomposition for the 7-dimensional metric. ds^2_7 = h_{αβ} dξ^αdξ^β = (n^2 + g^{μν} n_μn_ν ) dr^2 + 2n_μ dr dx^μ + g_{μν} dx^μdx^ν , (3.1)

where n and n_μ are the lapse function and the shift function, respectively. Henceforce μ, ν run from 0 to 5.

In what follows, we consider a boundary surface specified by r = const. and impose the Dirichlet condition for the fields on the boundary. Here we need to add the Gibbons- Hawking term [16] to the actions, which is defined on the boundary and ensures that the Dirichlet condition can be imposed consistently. Then, the 7-dimensional action I_7 with the Gibbons-Hawking term on the boundary can be expressed in the canonical form as follows:

I_7 = ∫ drd^6x √ −g ( π^{μν} ∂_rg_{μν} + π_ρ∂_rρ + π^{μ1μ2μ3} ∂_rA_{μ1μ2μ3} + π^{μ1 ···μ6} ∂_rA_{μ1···μ6} − − nH − n_μH^μ − A_{rμν} G^{μν}_2 − A_{rμ1···μ5} G^{μ1 ···μ5}_5 ) (3.2)

with H = e^{−ρ} ( − (π^{μν} )^2 + 1 9 (π^μ_μ)^2 − 5 9 π^2_ρ + 4 9 π^μ_μπ_ρ −

– 4 –

− 3(π^{μ1 μ2μ3} + 10π^{μ1 μ2μ3ν1ν2ν3} A_{ν1ν2ν3} )^2 − 6! 2 (π^{μ1···μ6} )^2 ) − L , H^μ = −2∇^g_ν π^{μν} + ∂^μρπ_ρ + F^μ_{ν1ν2ν3} π^{ν1ν2ν3} + ( F^μ_{ν1···ν6} − 15 2 A^μ_{ν1ν2} F_{ν3···ν6} ) π^{ν1···ν6} , G^{μν}_2 = −3∇^g_λπ^{λμν} , G^{μ1 ···μ5} 5 = −6∇^g_ρπ^{ρμ1···μ5} , (3.3) where L = e^ρ ( R_g − 2∇^g_μ∇^μ_g ρ − 5 4 ∂_μρ∂^μρ − 1 2 |F_4|^2 − 1 2 |F̃_7|^2 ) + e^{ρ2} R^{(S4)} , (3.4)

π^{μν} is the canonical momentum conjugate to g_{μν} , and so on. The relations between the canonical momenta and the r derivatives of the fields are given by π_{μν} = e^ρ ( −K_{μν} + g_{μν} K + 1 n g_{μν} (∂_rρ − n^λ∂_λρ) ) , π_ρ = e^ρ ( 2K + 3 2 1 n (∂_rρ − n^μ∂_μρ) ) , π_{μ1μ2μ3} = e^ρ ( − 1 6 1 n (F_{rμ1 μ2μ3} − n^ν F_{νμ1 μ2μ3} ) + + 1 72 1 n (F̃_{rμ1μ2μ3ν1ν2ν3} − n^νF̃_{νμ1 μ2μ3ν1ν2ν3} )A^{ν1ν2ν3} ) , π_{μ1···μ6} = − 1 6! e^ρ 1 n (F̃_{rμ1 ···μ6} − n^νF̃_{νμ1···μ6} ) , (3.5) where K_{μν} is the extrinsic curvature given by K_{μν} = 1 2n (∂_rg_{μν} − ∇^g_μn_ν − ∇^g_ν n_μ) , K = g^{μν} K_{μν} . (3.6)

n, n_μ and A_{rμν} and A_{rμ1···μ5} behave like Lagrange multipliers and give the constraints:

H = 0 , H^μ = 0 , G^{μν}_2 = 0 and G^{μ1···μ5}_5 = 0 . (3.7)

The first one and the second one are called the hamiltonian constraint and the momentum constraint respectively, while the third one and the last one are called the Gauss law constraints. Note that the hamiltonian density, H = nH + n_μH^μ + A_{rμν} G^{μν}_2 + A_{rμ1···μ5} G^{μ1 ···μ5}_5 , vanishes on shell due to these constraints.

As usual, the H-J equation is obtained by performing the following replacements in the hamiltonian.

π^{μν} (x) = 1 √ −g(x) δS δg_{μν} (x) , π_ρ(x) = 1 √ −g(x) δS δρ(x) , π^{μ1μ2μ3} (x) = 1 √ −g(x) δS δA_{μ1 μ2μ3} (x) , π^{μ1 ···μ6} (x) = 1 √ −g(x) δS δA_{μ1 ···μ6} (x) , (3.8)

where S is an on-shell action, and g_{μν} (x), ρ(x), A_{μ1μ2μ3} (x) and A_{μ1···μ6} (x) represent the values of the fields on the boundary r = const.. The fact that the hamiltonian vanishes on

– 5 – shell simplifies the ordinary H-J equation: ∂S ∂r + ∫ d^6xH = 0 → ∂S ∂r = 0 . (3.9)

This implies that S does not depend on the boundary ’time’ r explicitly but depend only on the boundary values of the fields. In addition to the ordinary H-J equation (3.9), there are a set of equations for S which is obtained by applying the replacements (3.8) to the constraints (3.7). These equations should also be called the H-J equations. For instance, the H-J equation coming from H^μ = 0 takes the form −2∇^g_ν ( 1 √ −g δS δg_{μν} ) + ∂^μρ 1 √ −g δS δρ + F^μ_{ν1ν2ν3} 1 √ −g δS δA_{ν1 ν2ν3} + + ( F^μ_{ν1···ν6} − 15 2 A^μ_{ν1ν2} F_{ν3···ν6} ) 1 √ −g δS δA_{ν1···ν6} = 0 . (3.10)

The H-J equations coming from H^μ = 0, G^{μν}_2 = 0 and G^{μ1 ···μ5}_5 = 0 gives a condition that S must be invariant under the diffeomorphism in six dimensions and the U(1) gauge transformations

A_3 → A_3 + dΣ_2 ,

A_6 → A_6 + dΣ_5 + 1 2 Σ_2 ∧ F_4 . (3.11)

(See appendix C in ref. [1]). The H-J equation coming from H = 0 is a nontrivial equation that can determine the form of S.

4. Covariant M5-brane action

Before solving the H-J equations obtained in the previous section, we write down the covariant effective action for M5-brane, which was constructed in [12].^1 It takes the form

S_{M5} = − ∫ d^6σ (√ − det(G_{μν} + H̃_{μν} ) + 1 4 √ −GȞ^{μν}H̃_{μν} ) + ∫ d^6σ ( A_6 + 1 2 A_3 ∧ F_3 ) , (4.1) where the σ^μ (μ = 0, . . . , 5) parametrize the worldvolume of the M5-brane and G_{μν} , A_3 and A_6 are the induced fields on the worldvolume of the corresponding fields in 11-dimensional supergravity. For instance, G_{μν} is given by

G_{μν} (σ) = ∂Y^M (σ) ∂σ^μ ∂Y^N (σ) ∂σ^ν G_{MN} (Y (σ)) , (4.2)

where the Y^M (σ) (M = 0, . . . , 10) are embedding functions of the worldvolume in eleven dimensions. F_3 is the gauge field strength on the worldvolume, which is a third-rank antisymmetric tensor. There also exists an auxiliary scalar field on the worldvolume, which is denoted by a. It is convenient to introduce a time-like unit vector field v_μ:

v_μ = c_μ √ −c_ν c^ν , c_μ = ∂a ∂σ^μ , v_μv^μ = −1 . (4.3)

1For a canonical formulation and a gauge fixing for the covariant M5-brane action, see ref. [17].

– 6 –

Then Ȟ_{μν} and H̃_{μν} are defined in terms of G_{μν} , A_3, F_3 and v_μ as follows: H_{μνλ} = A_{μνλ} + F_{μνλ} , H^{∗μνλ} = 1 6 ε^{μνλρστ} H_{ρστ} , Ȟ_{μν} = H_{μνλ}v^λ , H̃_{μν} = H^∗_{μνλ}v^λ . (4.4)

Note that the effective action (4.1) is the lowest order in derivative expansion so that the effective action is valid only when the fields are almost independent of σ.

5. Covariant M5-brane action as a solution to the H-J equations

In solving the H-J equations of the 7-dimensional gravity, we drop the dependence of the fields on the 6-dimensional coordinates x^μ. Correspondingly, any solution of supergravity obtained from such a solution to the H-J equations will depend only on the radial time r. In other words, we reduce the problem to a one-dimensional one. Let S_0 be a solution to the H-J equations under this simplification. It follows from (3.3), (3.4) and (3.8) that the H-J equations coming from the hamiltonian constraint H = 0 is simplified as ( 1 √ −g δS_0 δg_{μν} )_2 − 1 9 ( g_{μν} 1 √ −g δS_0 δg_{μν} )_2 + 5 9 ( 1 √ −g δS_0 δρ )_2 − − 4 9 g_{μν} 1 √ −g δS_0 δg_{μν} 1 √ −g δS_0 δρ + 3 ( 1 √ −g δS_0 δA_{μνλ} + 10A_{ρ1 ρ2ρ3} 1 √ −g δS_0 δA_{μνλρ1 ρ2ρ3} )_2 + + 6! 2 ( 1 √ −g δS_0 δA_{μ1 ···μ6} )_2

+ e^{32 ρ}R^{(S4)} = 0 . (5.1)

Let us consider the following form:

S_0 = S_c + S_{BI} + S_{W Z} , (5.2)

with

S_c = α ∫ d^6x √ −ge^{34 ρ} , S_{BI} = β ∫ d^6x (√ − det(g_{μν} + H̃_{μν} ) + 1 4 √ −gȞ^{μν}H̃_{μν} ) , S_{W Z} = γ ∫ d^6x ( A_6 + 1 2 A_3 ∧ F_3 ) , (5.3)

where Ȟ_{μν} and H̃_{μν} are defined in terms of g_{μν} , A_3, F_3 and v_μ in the same way as (4.4), H_{μνλ} = A_{μνλ} + F_{μνλ} , H^{∗μνλ} = 1 6 ε^{μνλρστ} H_{ρστ} , Ȟ_{μν} = H_{μνλ}v^λ , H̃_{μν} = H^∗_{μνλ}v^λ , (5.4)

– 7 – and v_μ is defined in terms of c_μ in the same way as (4.3). All of the fields in (5.3) are independent of x^μ so that the integral over the 6-dimensional space-time is factored out. In what follows, we show that S_0 (5.2) is a solution to the simplified H-J equations of the 7-dimensional gravity with c_μ and F_3 being arbitrary constants if

α^2 = 16 3 R^{(S4)} = 64 and β = −γ . (5.5)

S_0 trivially satisfies the simplified H-J equations of the 7-dimensional gravity except (5.1), while S_0 satisfies (5.1) quite nontrivially, as we will see below.

If (5.2) is substituted into (5.1), the lefthand side of (5.1) is decomposed into four parts:

l.h.s. of (5.1) = (1) + (2) + (3) + (4) (5.6)

with

(1) = ( 1 √ −g δS_c δg_{μν} )_2 − 1 9 ( g_{μν} 1 √ −g δS_c δg_{μν} )_2 + 5 9 ( 1 √ −g δS_c δρ )_2 − − 4 9 g_{μν} 1 √ −g δS_c δg_{μν} 1 √ −g δS_c δρ + e^{32 ρ}R^{(S4)} ,

(2) = 2g_{μλ}g_{νρ} 1 √ −g δS_c δg_{μν} 1 √ −g δS_{BI} δg_{λρ} − 2 9 g_{μν} g_{λρ} 1 √ −g δS_c δg_{μν} 1 √ −g δS_{BI} δg_{λρ} − − 4 9 g_{μν} 1 √ −g δS_c δρ 1 √ −g δS_{BI} δg_{μν} , (3) = ( 1 √ −g δS_{BI} δg_{μν} )_2 − 1 9 ( g_{μν} 1 √ −g δS_{BI} δg_{μν} )_2 + +3 ( 1 √ −g δS_{BI} δA_{μνλ} + 1 √ −g δS_{W Z} δA_{μνλ} + 10A_{ρστ} 1 √ −g δS_{W Z} δA_{μνλρστ} )_2 , (4) = 6! 2 ( 1 √ −g δS_{W Z} δA_{μνλρστ} )_2

. (5.7)

By using the relations 1 √ −g δS_c δg_{μν} = 1 2 αe^{34 ρ}g^{μν} , 1 √ −g δS_c δρ = 3 4 αe^{34 ρ} , (5.8)

we can easily calculate (1), (2). The results are

(1) = − 3 16 α^2e^{32 ρ} + e^{32 ρ}R^{(S4)} ,

(2) = ( 1 − 2 3 − 1 3 ) g_{μν} 1 √ −g δS_{BI} δg_{μν} = 0 . (5.9)

If the first condition in (5.5) holds, (1) also vanishes. By using 1 √ −g δS_{W Z} δA_{μνλρστ} = γ 6! ε^{μνλρστ} , (5.10)

– 8 – we can also calculate (4) easily:

(4) = − γ^2 2 . (5.11)

The calculation of (3) is a nontrivial task. In appendix, we present some equations which are useful for the calculation of (3). By using those equations and the second condition in (5.5), we obtain

(3) = γ^2 2 . (5.12)

Thus (3) cancels (4). Therefore, (5.1) is actually satisfied with F_{μνλ} and c_μ being arbitrary constants.

In the remaining of this section, we show that our solution (5.2) can be interpreted as the covariant M5 action (4.1). As is clear from (4.2), if one sets in (4.1)

Y^μ(σ) = σ^μ , other Y^M = 0 , σ^μ = x^μ , (5.13)

the induced fields in (4.1) reduce to the fields in the 7-dimensional gravity: G_{μν} (σ) = g_{μν} (x) , A_{μνλ}(σ) = A_{μνλ}(x) , A_{μ1···μ6} (σ) = A_{μ1···μ6} (x) . (5.14) Hence, if F_3 and c_μ in (5.3) are also identified with those in (4.1) and the σ-dependence of the fields in (4.1) are completely neglected,

S_{BI} + S_{W Z} = −β S_{M5} . (5.15)

In other words, S_{BI} + S_{W Z} is the effective action for M5-brane whose worldvolume is not curved in the transverse directions. However, as in ref. [3], we can show by taking into account the freedom of general coordinate transformation that the effective action for M5- brane whose worldvolume is curved in the r-direction is also a solution to the H-J equations (up to a term analogous to S_c in (5.2)). Whether the effective action for M5-brane with a general configuration is a solution to the H-J equations of 11-dimensional supergravity is an open problem. Finally, we make a comment on S_c. We found in [1, 2] that the D-brane effective action with a term analogous to S_c is a solution to the H-J equations of supergravity. The term analogous to S_c has a dependence on the dilaton field ϕ like e^{−2ϕ} while the D-brane effective action has a dependence like e^{−ϕ} if the R-R fields are rescaled appropriately. Therefore, the term analogous to S_c should correspond to a contribution from the sphere amplitude in string theory. (Of course, the D-brane effective action is a contribution from the disk amplitude.) Thus, S_c should correspond to a contribution from M-theory counterpart of the sphere amplitude in string theory.

6. Supergravity solution of the M2-M5 bound state

The supergravity solution that represents a stack of N M2-M5 bound states is given in [18], and it is also a solution of I_7 which takes the following form:

ds^2_7 = f^{− 23} k^{13} η_{μ̂ν̂} dx^{μ̂}dx^{μ̂} + f^{13} k^{− 23} δ_{ab}dx^adx^b + f^{13} k^{13} dr^2 , e^{ρ2} = r^2f^{13} k^{13} , A_{012} = sin θf^{−1} , A_{345} = tan θk^{−1} , F̃_{012345r} = 3 cos θQ̃r^{−4}f^{−1}k^{−1} , (6.1)

– 9 – where μ̂, ν̂ = 0, 1, 2 , a, b = 3, 4, 5 , f = 1 + Q̃ r^3 , Q̃ = πN cos θ

, k = sin^2 θ + cos^2 θf , (6.2)

θ is a parameter of the solution. Note that this solution preserves sixteen supercharges and that when θ = 0 the solution reduces to the ordinary solution representing a stack of N M5-branes.

Now that we obtained a solution (5.2) to the H-J equations in the previous section, we have a set of first-order differential equations, which can be regarded as an integral of the equations of motion: π^{μν} = 1 √ −g δS_0 δg_{μν} , π_ρ = 1 √ −g δS_0 δρ , π^{μνλ} = 1 √ −g δS_0 δA_{μνλ} , π^{μνλρστ} = 1 √ −g δS_0 δA_{μνλρστ} , (6.3)

where (3.5) is substituted into the lefthand sides while (5.2) into the righthand sides.

We evaluate the both sides of (6.3) by substituting the above solution (6.1). The results for the lefthand sides are π_{μν} = η_{μν} ( 4r^3k^{56} f^{− 16} + 1 2 r^4k^{56} f^{− 76} ∂_rf ) , π_{ab} = δ_{ab} ( 4r^3f^{56} k^{− 16} + 1 2 r^4f^{56} k^{− 76} ∂_rk ) , π_ρ = 6r^3k^{12} f^{12} ,

π_{012} = − 1 4 sin θQ̃k^{12} f^{− 32} ,

π_{345} = − 1 4 sin θ cos θQ̃k^{− 32} f^{12} ,

π_{012345} = − 3 6! cos θQ̃f^{− 12} k^{− 12} , (6.4)

where the other π_{μνλ} and π_{μνλρστ} vanish. We can also evaluate the righthand sides by using (5.8), (5.10) and the equations in appendix. The righthand sides coincide with the lefthand sides (6.4) if we set in S_0 F_{μνλ} = 0 , α = 8 , β = −γ = −3Q̃ cos θ . (6.5)

The second and third equations are consistent with (5.5). Thus the supergravity solution (6.1) satisfies the first-order differential equations (6.3) given by S_0 (5.2). Hence, S_0 reproduces the supergravity solution (6.1). That is, S_0 is an on-shell action around the supergravity solution (6.1). Note that we need not put any restriction on c_μ in order for (6.1) to satisfy (6.3).

– 10 –

7. NS 5-brane in type-IIA supergravity

In this section, using the relation between 11-d supergravity and type-IIA supergravity, we obtain a solution to the H-J equation of type-IIA supergravity that reproduces the supergravity solution representing a stack of NS 5-branes. So, this solution should correspond to a type-IIA NS 5-brane effective action (plus a S_c-like term). First, we consider a reduction of 11-d supergravity on S^3 × S^1, which is different from the one done in section 2:

ds^2_{11} = G_{MN} dX^M dX^N (7.1) = h_{αβ} (ξ)dξ^αdξ^β + e^{12 ρ2(ξ)}dΩ_3 + e^{12 ρ1(ξ)}(dX^{10})^2 ,

F_4 = 1 4! F_{α1···α4} dξ^{α1} ∧ · · · ∧ dξ^{α4} + + 1 3! 7! e^{14 ρ1(ξ)+ 34 ρ2(ξ)}ε_{α1···α7}F̃^{α1···α7} ε_{θi1 θi2 θi3} dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} ∧ dX^{10} , (7.2) where α, β run from 0 to 6, and X^{10} parametrizes S^1. Then, we obtain as a consistent truncation a seven-dimensional gravity

I^′_7 = ∫ d^7ξ √ −h e^{14 ρ1+ 34 ρ2} ( R_h + e^{− ρ22} R^{(S3)} + 3 8 ∂_αρ_1 ∂^αρ_2 + 3 8 ∂_αρ_2 ∂^αρ_2 − 1 2 |F_4|^2 − 1 2 |F̃_7|^2 ) , (7.3) where F_4 = dA_3, F̃_7 = dA_6 −^1_2 A_3 ∧ F_4 and R^{(S3)} = 6. Let us consider the form

S^′_0 = S^′_c + S_{BI} + S_{W Z} , (7.4)

with S^′_c = α̃ ∫ d^6x √ −ge^{14 ρ1+ 12 ρ2} , (7.5)

and S_{BI} and S_{W Z} the same in (5.3). We can verify that (7.4) satisfies the H-J equation of I^′_7 under the same simplification as section 5 if

α̃^2 = 6R^{(S3)} = 36 , and β = −γ . (7.6)

Next, following the relation between 11-d supergravity and type-IIA supergravity, we define the fields in type-IIA supergravity in terms of those in 11-d supergravity as follows. h_{αβ} = e^{− 23 ϕ}k_{αβ} , ρ_1 = 8 3 ϕ , ρ_2 = ρ − 4 3 ϕ , A_3 = −C_3 , A_6 = −B_6 . (7.7)

I^′_7 is rewritten in terms of these new fields as

I^′_7 = ∫ d^7ξ √ −k [ e^{−2ϕ+ 34 ρ} ( R_k + e^{− 12 ρ}R^{(S3)} + 4∂_αϕ∂^αϕ + 3 8 ∂_αρ∂^αρ − 3∂_αϕ∂^αρ ) − − 1 2 e^{34 ρ}|F^{(IIA)}_4 |^2 − 1 2 e^{2ϕ+ 34 ρ}|H̃_7|^2 ] , (7.8)

– 11 – where F^{(IIA)}_4 = dC_3 and H̃_7 = dB_6 +^1_2 C_3 ∧F_4. This action is actually given by a consistent truncation of type-IIA supergravity in which the ansatz for the fields is

ds^2_{10} = k_{αβ}(ξ)dξ^αdξ^β + e^{12 ρ(ξ)}dΩ_3 , ϕ = ϕ(ξ) , H_3 = − 1 3! 7! e^{2ϕ+ 34 ρ}ε_{α1···α7}H̃^{α1···α7} (ξ)ε_{θi1 θi2 θi3} dθ_{i1} ∧ dθ_{i2} ∧ dθ_{i3} , F^{(IIA)} 4 = 1 4! F^{(IIA)} α_1 ···α_4 (ξ)dξ α_1 ∧ · · · ∧ dξα_4 , (7.9)

where H_3 and F^{(IIA)}_4 are the NS-NS anti-symmetric field strength and the R-R field strength, respectively. Thus, by rewriting (7.4) in terms of the fields in (7.8), we obtain a solution to the H-J equations of (7.8): S^{(NS5)} 0 = S^{(NS5)}_c + S^{(NS5)}_{BI} + S^{(NS5)}_{W Z} (7.10)

with S^{(NS5)} c = α̃ ∫ d^6x √ −ge^{−2ϕ+ 12 ρ} , S^{(NS5)} BI = β ∫ d^6xe^{−2ϕ} (√ − det(g_{μν} + e^ϕH̃^{(NS5)}_{μν} ) + 1 4 √ −gȞ^{(NS5)μν}H̃^{(NS5)}_{μν} ) , S^{(NS5)} W Z = β ∫ ( B_6 + 1 2 C_3 ∧ F_3 ) , (7.11)

where g_{μν} is the (μ, ν) component of k_{αβ} , and Ȟ^{(NS5)}_{μν} and H̃^{(NS5)}_{μν} are defined in terms of H^{(NS5)} μνλ = −C_{μνλ} + F_{μνλ} and c_μ in the same way as (5.4). This solution to the H- J equations obviously reproduces the supergravity solution of type-IIA NS 5-brane and should correspond to the NS 5-brane effective action (plus S^{(NS5)}_c term). In fact, up to S^{(NS5)} c , the solution (7.10) coincides with β times the effective action for type-IIA NS 5- brane which is proposed in [14] if in the effective action the R-R 1-form and its partner 1-form on the worldvolume are put to zero.

8. Discussion

In this paper, we showed that the covariant effective action for M5-brane is an on-shell action around the solution in 11-dimensional supergravity that represents a stack of the M2- M5 bound states. Applying our result to the gauge/gravity correspondence is a future work.

In refs. [1, 2], we showed that the same thing holds for the D-brane case. That is, the D-brane effective action (the Born-Infeld action plus the Wess-Zumino action) is an on-shell action around the solution in type-IIA(IIB) supergravity representing a stack of D-branes. The following argument is expected to intuitively explain why the D-brane effective action satisfies the H-J equations of supergravity and is an on-shell action of supergravity. Suppose that there exists a string field theory for type-IIA or IIB superstring. There are two limits that can be taken for the string field theory. One is the low energy limit (the α^′ → 0 limit), and the other is the classical limit, g_s → 0, where g_s is the string coupling. The string field

– 12 – theory would reduce to type-IIA or IIB supergravity in the α^′ → 0 limit while in g_s → 0 limit it would reproduce the results of the lowest order in the string perturbation theory. As the string field theory is a quantum theory of gravity, wave functions or transition amplitudes in the string field theory should satisfy the equations analogous to the Wheeler- DeWitt (WDW) equations, which we call the WDW-like equations, where we regard the radial direction as time. In α^′ → 0, these equations reduce to the WDW equations of the corresponding supergravity. Moreover, in the classical limit (g_s → 0 limit), the WDW equations reduce to the H-J equations in the corresponding supergravity, which we are concerned with. Let us reverse the order of these two limits. That is, when the g_s → 0 limit is first taken in the string field theory, one obtains from the WDW-like equations the equations of string theory which are analogous to the H-J equations and contain all α^′ corrections. We call these equations the H-J-like equations. Note that it is difficult to write down these the H-J-like equations because the conformal or the light-cone gauges do not seem to fit deriving the equations. Next, these H-J-like equations reduce in the α^′ → 0 limit to the H-J equations in supergravity.

Let us consider a transition amplitude between the vacuum and a state that represents a stack of N D-branes in the string field theory. The amplitude must satisfy the WDW-like equations and reduces in g_s → 0 limit to the transition amplitude between the vacuum and the D-brane boundary state, which must satisfy the H-J-like equations. Moreover, under a condition that the fields on the worldvolumes of the D-branes vary slowly, the amplitude is represented by the D-brane effective action (the Born-Infeld action plus the Wess-Zumino terms). That is, the D-brane effective action satisfies the H-J-like equations under the above condition. A nontrivial thing is that our results show that the D-brane effective action satisfies the H-J equations itself. Probably supersymmetry make this nontrivial thing possible.

Finally, let us check whether it is consistent that the solution to the H-J equations of supergravity actually represents the effective action for a stack of N D-branes. As in the M5-brane case (see (6.5)), the Born-Infeld action plus the Wess-Zumino terms in the solution is proportional to N when the solution is matched to the supergravity solution representing a stack of N D-branes. This is consistent with the fact that the tension of the stack of D-branes is proportional to N. The reason why the solution to the H-J equations does not possess the non-abelian property is as follows. Neglecting the dependence on the worldvolume coordinates in solving the H-J equations implies imposing D_μF_{νλ} = 0 due to the gauge invariance, where F_{μν} is the gauge field strength on the worldvolume, so that from the Bianchi identity [F_{μν} , F_{λρ}] = 0. Therefore, we cannot see the non-abelian part of the gauge field strength.

In the near future, we hope to refine this argument and completely understand the reason why the D-brane effective action is a solution to the H-J equations of supergravity.

Acknowledgments

We would like to thank D. Sorokin and N. Ishibashi for drawing our attention to refs. [12] and A. Das and S. Rajeev for discussions. The work of M.S. is supported in part by the US

– 13 –

DOE Grant DE-FG 02-91ER40685. The work of A.T. is supported in part by Grant-in-Aid for Scientific Research (No.16740144) from the Ministry of Education, Science and Culture.

A. Useful equations

In this appendix, we present some equations which are useful for the calculations of (3) in section 5 and of the canonical momenta in section 6. By using a relation det H̃_{μν} = 0, which follows from H̃_{μν} v^ν = 0, one obtains

det(g_{μν} + H̃_{μν} ) = g ( 1 − 1 2 tr H̃^2 + 1 8 (tr H̃^2)^2 − 1 4 tr H̃^4 ) ≡ gE . (A.1) It is convenient to introduce an antisymmetric tensor D_{μν} : D_{μν} ≡ − √ 1 E ( (1 − 1 2 tr H̃^2)H̃_{μν} + H̃_{μλ}H̃^{λρ}H̃_{ρν} ) . (A.2)

In terms of E and D_{μν} , the derivatives of S_{BI} and S_{W Z} are expressed shortly: 1 √ −g δS_{BI} δg_{μν} = β [ − 1 4 v^μv^νH̃^{λσ}Ȟ_{λσ} − 1 8 H̃_{λσ}(H^{λσμ}v^ν + H^{λσν} v^μ) + 1 2 √ Eg^{μν} + + 1 2 D^μ_λH̃^{λν} + 1 4 (g^{μν} + v^μv^ν )D^{λσ}H̃_{λσ} ] , 1 √ −g δS_{BI} δA_{μνλ} = β [ 1 24 ε^{μνλρστ} (2D_{ρσ} − Ȟ_{ρσ})v_τ + 1 12 (H̃^{μν} v^λ + H̃^{νλ}v^μ + H̃^{λμ}v^ν ) ] , 1 √ −g δS_{W Z} δA_{μνλ} = γ 72 ε^{μνλρστ} F_{ρστ} . (A.3) (5.10) and the last equation in (A.3) gives 1 √ −g δS_{W Z} δA_{μνλ} + 10A_{ρστ} 1 √ −g δS_{W Z} δA_{μνλρστ} = γ 72 ε^{μνλρστ} H_{ρστ} , (A.4) where the lefthand side is a combination appearing in (3).

In what follows, we evaluate the quantities needed in calculating the righthand side of (6.3). First, by substituting (6.1), we obtain

H̃_{01} = − tan θk^1_6 f^{− 5}_6 v_2 , H̃_{12} = tan θk^1_6 f^{− 5}_6 v_0 , H̃_{20} = − tan θk^1_6 f^{− 5}_6 v_1 , H̃_{34} = − sin θk^{− 5}_6 f^1_6 v_5 , H̃_{45} = − sin θk^{− 5}_6 f^1_6 v_3 , H̃_{53} = − sin θk^{− 5}_6 f^1_6 v_4 , Ȟ_{01} = sin θk^{− 1}_3 f^{− 1}_3 v_2 , Ȟ_{12} = − sin θk^{− 1}_3 f^{− 1}_3 v_0 , Ȟ_{20} = sin θk^{− 1}_3 f^{− 1}_3 v_1 , Ȟ_{34} = tan θk^{− 1}_3 f^{− 1}_3 v_5 , Ȟ_{45} = tan θk^{− 1}_3 f^{− 1}_3 v_3 , Ȟ_{53} = tan θk^{− 1}_3 f^{− 1}_3 v_4 . (A.5) Next, note that there is a relation between v_μ, which follows from v_μv^μ = −1,

k^{− 13} f^{23} t + k^{23} f^{− 13} u = −1 , (A.6)

where t = −v^2_0 + v^2_1 + v^2 , u = v^2_3 + v^2_4 + v^2_5 . (A.7)

– 14 –

By using this relation and (A.5), E in (A.1) is calculated as E = kf^{−1} cos^2 θ

(1 + k^{− 13} f^{− 13} sin^2 θu)^2 . (A.8)

From this, we obtain D_{μν} = Ȟ_{μν} (A.9)

when (6.1) is substituted.

References

[1] M. Sato and A. Tsuchiya, Born-Infeld action from supergravity, Prog. Theor. Phys. 109 (2003) 687 [hep-th/0211074].

[2] M. Sato and A. Tsuchiya, Hamilton-Jacobi method and effective actions of D-brane and M-brane in supergravity, Nucl. Phys. B 671 (2003) 293 [hep-th/0305090].

[3] M. Sato and A. Tsuchiya, A note on hamilton-jacobi formalism and D-brane effective actions, Phys. Lett. B 579 (2004) 217 [hep-th/0310125].

[4] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109];

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[6] A. Hashimoto and N. Itzhaki, Non-commutative Yang-Mills and the AdS/CFT correspondence, Phys. Lett. B 465 (1999) 142 [hep-th/9907166].

[7] J.M. Maldacena and J.G. Russo, Large-N limit of non-commutative gauge theories, J. High Energy Phys. 09 (1999) 025 [hep-th/9908134].

[8] J. de Boer, E. Verlinde and H. Verlinde, On the holographic renormalization group, J. High Energy Phys. 08 (2000) 003 [hep-th/9912012].

[9] P.S. Howe and E. Sezgin, Superbranes, Phys. Lett. B 390 (1997) 133 [hep-th/9607227];

d = 11, p = 5, Phys. Lett. B 394 (1997) 62 [hep-th/9611008];

P.S. Howe, E. Sezgin and P.C. West, Covariant field equations of the M-theory five-brane, Phys. Lett. B 399 (1997) 49 [hep-th/9702008].

[10] E. Witten, Five-brane effective action in M-theory, J. Geom. Phys. 22 (1997) 103 [hep-th/9610234].

[11] M. Cederwall, B.E.W. Nilsson and P. Sundell, An action for the super-5-brane in D = 11 supergravity, J. High Energy Phys. 04 (1998) 007 [hep-th/9712059];

E. Sezgin and P. Sundell, Aspects of the M5-brane, conference on Superfivebranes and Physics in 5 + 1 dimensions, Trieste, Italy 1–3 April, 1998 [hep-th/9902171].

[12] P. Pasti, D.P. Sorokin and M. Tonin, Covariant action for a D = 11 five-brane with the chiral field, Phys. Lett. B 398 (1997) 41 [hep-th/9701037];

I.A. Bandos et al., Covariant action for the super-five-brane of M-theory, Phys. Rev. Lett. 78 (1997) 4332 [hep-th/9701149];

M. Aganagic, J. Park, C. Popescu and J.H. Schwarz, World-volume action of the M-theory five-brane, Nucl. Phys. B 496 (1997) 191 [hep-th/9701166].

– 15 –

[13] I.A. Bandos et al., On the equivalence of different formulations of the M-theory five-brane, Phys. Lett. B 408 (1997) 135 [hep-th/9703127].

[14] I.A. Bandos, A. Nurmagambetov and D.P. Sorokin, The type-IIA NS5-brane, Nucl. Phys. B 586 (2000) 315 [hep-th/0003169].

[15] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, Linear dilatons, NS5-branes and holography, J. High Energy Phys. 10 (1998) 004 [hep-th/9808149].

[16] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum gravity, Phys. Rev. D 15 (1977) 2752.

[17] A. De Castro and A. Restuccia, Master canonical action and brst charge of the M-theory bosonic five brane, Nucl. Phys. B 617 (2001) 215 [hep-th/0103123]; On the super five brane hamiltonian, Rev. Mex. Fis. 49S3 (2003) 95–97 [hep-th/0406081]; Super five brane hamiltonian and the chiral degrees of freedom, Phys. Rev. D 66 (2002) 024037 [hep-th/0204052].

[18] J.M. Izquierdo, N.D. Lambert, G. Papadopoulos and P.K. Townsend, Dyonic membranes, Nucl. Phys. B 460 (1996) 560 [hep-th/9508177];

J.G. Russo and A.A. Tseytlin, Waves, boosted branes and BPS states in M-theory, Nucl. Phys. B 490 (1997) 121 [hep-th/9611047].

– 16 –